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Abstract. This work investigates the theory behind a thought experiment that intends to measure mo-
mentum and angular momentum of matter exposed to “isotropic radiative noise”. Radiative momentum
has been a controversial subject for decades. The momentum of isotropic noise is intuitively expected to
be zero. We formulate the general features of the isotropic noise such as equipartition of energy and the
vanishing of integrated Poynting vector. We demonstrate that in bi-anisotropic materials, a finite radiative
momentum persists that performs work on the matter when its parameters change slowly. We find that
Faraday rotation in the scattering of the radiative noise induces an angular momentum along the applied
external magnetic field. Also, a Poynting vector starts circulating around the matter, raising the question
whether it really describes the energy flow. These effects are small and hard to measure in any real ex-
periment. Yet, they are surprising predictions of the classical, macroscopic Maxwell equations, and make
contact with the outcome of recent QED calculations done for the quantum vacuum.
PACS. XX.XX.XX No PACS code given
1 Introduction
Generally speaking, “detailed balance” refers to a a sit-
uation where each elementary process is equilibrated by
its reverse process. Applied to light propagation in mat-
ter, it means that absorbtion is compensated by emission,
and that scattering of light from a to b is compensated
by the scattering from b to a. Detailed balance is typi-
cally realized at all frequencies in thermodynamic equilib-
rium, in particular the ”quantum vacuum” at zero tem-
perature can be said to be in detailed balance. Equipar-
tition and isotropy also occur in the presence of perfect
multiple light scattering. In this case, the energy of the
radiation is equipartitionned among all micro-states and
no macroscopic energy current exists in the medium. Two
subtle complications show up in more advanced media.
In an anisotropic medium, energy current and momentum
are not necessarily equal, and they cannot vanish simulta-
neously. Secondly, a Poynting vector S that vanishes ev-
erywhere looks like a too strong statement to be true for
an inhomogeneous medium. If indeed it does not vanish
everywhere, it can integrate to zero yet produce a finite
angular momentum
∫
d3r r× S.
In this work we discuss the possibility to create a non-
zero momentum density of the radiation generated by the
detailed balance. We are aware of the one-century-old con-
troversy on how to define the momentum of radiation in
matter [1,2,3,4,5], with recent discussions for spin and or-
bital angular momentum [6]. In this work we will adopt
E × B/4πc0 as the momentum density of light (the so-
called Nelson version [4]). This vector density obeys a
conservation law that is not explicitly affected by consti-
tutive assumptions, identical to its microscopic version,
with symmetric 3D stress tensor. Imposing current and
momentum to coincide up to a factor c20 has been one of
the main arguments in favor of the so-called Abraham ver-
sion E×H/4πc0 as it would symmetrize momentum and
energy in the 4D stress tensor [8]. A link has been estab-
lished with the difference between “canonical” and “ki-
netic” momentum density [9], that differ precisely by the
curl of a vector field [7] so that both total momenta should
be equal. In the case of an isotropic radiation field dis-
cussed here, the “canonical” momentum density is shown
to vanish, unlike the kinetic momentum density. We will
predict a non-zero radiation (angular) momentum in the
presence of isotropic electromagnetic noise that, unfortu-
nately, will be hard to test experimentally.
2 Field correlations for detailed balance
In the following we consider the presence of propagating
electromagnetic fields in a conservative medium generated
by random sources. In the simplest classical picture, the
interaction of electromagnetic fields with matter is de-
scribed by constitutive equations, with neglect of high
multi-poles, and slowly varying external fields that enter
the constitutive equations adiabatically. We usually write
them as
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D = ε(ω) ·E+ χ(ω) ·B
H = −χ∗(ω) ·E+ µ−1(ω)B (1)
featuring 3 material tensors µ, ε and χ. To guarantee con-
servation of energy we will assume ε and µ to be hermitian
operators (ε = ε†) that may exhibit dynamic (ω) and spa-
tial dispersion, and may also be inhomogeneous. So in gen-
eral we write ε = ε(ω, r,p) with p the hermitian operator
−i∂r with eigenvalue k in a homogeneous medium and the
position operator r with eigenvalue x. Since frequency de-
pendence originates from time-convolution of real-valued
(observable) operators, all material parameters must be
hermitian functions of iω and be analytic in the upper
complex frequency plane to prevent non-causal behavior.
This means that Faraday rotation - described by a dielec-
tric tensor εnm(ω) = V ǫnmkB
0
kc0/iω - and rotatory power
- with bi-anisotropic tensor χnm = gδnmc0/iω - are cov-
ered by the present approach. A dissipative part will be
added below, assumed small, since energy current density
and energy current are in principle only well-defined in
the limit of vanishing dissipation. In the simplest form of
bi-anisotropy, one ignores spatial dispersion in ε, µ and
χ, knowing that some spatial dispersion, such as the rota-
tory power mentioned earlier, is already generated by the
presence of χ.
Finally, we will be interested in slow changes (com-
pared to the cycle time 1/ω) in the constitutive parame-
ters, for instance induced by a slow change in an externally
applied magnetic field B0(t). The slowness guarantees the
adiabatic following of steady-state solutions. We will show
that such time-dependence preserves momentum conser-
vation of matter and radiation.
2.1 Fluctuation-Dissipation
In the following we will consider a situation of station-
ary detailed balance over a broad range of frequencies.
To achieve a stationary balance, equals amounts of en-
ergy must be injected and removed. The fundamental re-
lation between source and dissipation is known as the
fluctuation-dissipation theorem [11]. We will adopt a cur-
rent density J = J0+j, with J0 the electric current density
induced by the electric field, described by a local Ohm’s
law J0(x, ω) = σ(x, ω) ·E(x, ω) which will generate dissi-
pation rate proportional to the local conductivity tensor
at optical frequency σ(x, ω), and j a random ”noise” cur-
rent density that will act as a source in Maxwell’s equa-
tions. For simplicity, we will assume the noise to be sta-
tionary and uncorrelated, but with the possibility to be
anisotropic and inhomogeneous,
〈jj(x, ω)jl(x′, ω′)〉 = 2Q(ω)σjl(ω,x)δ(x − x′)δωω′ (2)
with the notation δωω′ = 2πδ(ω − ω′) to get rid of fac-
tors of 2π. The fluctuation-dissipation formula relates lo-
cal electric current fluctuations to the local AC electrical
conductivity tensor σjl(ω,x). The latter is hermitian and
has (in Gaussian units) the dimension of inverse time since
J has the dimension of ∂tE). It is important for what fol-
lows that the energy Q(ω) be independent on x, express-
ing local detailed balance. If it is thermal, Q(ω) = h¯ω
× (1− exp(−h¯ω/kT ))−1 both for negative and positive
frequencies (implying, quite subtly, that at T = 0 only
positive frequencies come in).
In the presence of a finite AC conductivity tensor, the
retarded (complex frequency ω + iǫ) Green’s operator as-
sociated with the Helmholtz equation for the electric field
is
G(r,p, ω) =[
ω2
c20
E(r) + L(r,p)† · µ(r)−1 · L(r,p) + 4πiω
c20
σ(r)
]−1
(3)
in terms of the hermitian operator E = ε + χ · µ · χ† and
the operator L(p, r) = ǫp − (ω/c0)µ(r) · χ(r)†. We have
dropped explicit reference to frequency dependence of ma-
terial parameters. Note that G†(σ) = G(−σ) since all
individual ingredients other than iω × σ in G are hermi-
tian. We can thus write down the formal solution of the
Helmholtz equation with 4π∂tj/c
2
0 as source as Ei(x, ω) =∫
d3x′Gik(x,x
′, ω)(4πiω/c0)jk(x
′, ω). Since the source is
proportional to frequency, we denote Gs = ωG, so that
〈Ei(x1, ω)Ej(x2, ω′)〉
=
(
4π
c20
)2
2Qδωω′
∫
d3x′
∫
d3x′′
Gsik(x1,x
′, ω)G
s
jl(x2,x
′′, ω)σkl(x
′)δ(x′ − x′′)
=
(
4π
c20
)2
2Qδω,ω′〈x1|Gsik(r,p, ω)σkl(r)Gs†lj (r,p, ω)|x2〉
=
4πωQ
c20i
δωω′
[
G†ij(x1,x2, ω)−Gij(x1,x2, ω)
]
(4)
The transposition operation † is both with respect to po-
larization and to space coordinates. In the last equality we
used the operator identityG†−G =G·(G−1−G†,−1)·G†.
This is nothing but one version of the celebrated ”ImG
theorem” and is widely used to measure ”passively” the
Green’s function by cross-correlating stationary noise [12,
13,14,?]. It is valid under very broad conditions, and ap-
plies when all parameters are anisotropic and inhomoge-
neous, even for finite dissipation, the only constraint be-
ing that Q(ω) be homogeneous. It also applies to a sta-
tionary multiple scattering process where a steady energy
flux density F (ω) of an external source is compensated
by leaks through the medium boundaries. In that case is
Q(ω) ≈ F (ω)c20/ω2 [15], which can be much larger than
the typical thermal value kT at the expense of a much
smaller bandwidth.
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2.2 Energy and Current in homogeneous media
For homogeneous media with detailed balance the analysis
simplifies, and allows us to identify energy density and
energy current in the presence of dispersion. We define the
Wigner function (no confusion exists between the operator
r and its eigenvalue r or x),
φik,k(Ω, r) =
∫
d3xe−ik·xEi(ω+, r+
1
2
x)Ek(ω−, r− 1
2
x)
(5)
where ω± = ω ± 12Ω. Its Fourier transform is φik,k(Ω,q),
φik,k(Ω,q)d
3kdΩdω being an energy. Since
e−ik·xe−iq·r = e−i(k+
1
2q)·(r+
1
2x)ei(k−
1
2q)·(r−
1
2x)
we see that φik,k(Ω,q) = 〈Ei(ω+,k±)Ek(ω−,k−)〉 with
k± = k± 12q, when averaged over the random source. Let
us further define
W±(Ω,q, σ) =
ω±
c20
E(ω±) + ω−1± L(k±, ω±, )† · µ(ω±)−1 · L(k±, ω±)
±4πiσ(ω±)
c20
=W(0, 0, 0)± 1
2
Ω∂ωW ± 1
2
q · ∂kW ± 4πiσ
c20
+ · · ·
and set ∆W = W+ −W− . With this notation the noise
correlation in Eq. (2) takes the form Jjl(ω, q,Ω) = Q(ω)
σjl(ω,q)δΩ. To be able to identify energy and energy cur-
rent we consider first an arbitrary current correlation func-
tion Jjl,ω(q, Ω) and homogeneous dissipation σjl(ω) and
take the limit Ω → 0 towards a stationary process after-
wards. Similarly, the limit q → 0 anticipates the noise to
be uniformly present throughout the medium. In that case
the radiation intensity, averaged over the random source,
is given by
φik(Ω,k,q) = G
s
ij(ω+,k+)Jjl,ω(q, Ω)G
s†
lk (ω−,k−)
and we can write
c20
8π
∆Wki(Ω,k,q)φik,k(Ω,q) =
=
2π
c20
Gs†lk (ω−,k−)∆Wki(Ω,k,q)Gsij(ω+,k+)Jjl,ω(q, Ω)
=
2π
c20
[
Gs†lj (ω−,k−)−Gslj(ω+,k+)
]
Jjl,ω(q, Ω)
Upon integrating over all wave vectors k and in the limit
Ω,q → 0; this can be seen to be equivalent to a conti-
nuity equation −iΩE − iq · S + A = J . The extra factor
c20/8π guarantees that E(Ω,q)(dω/2π)(dΩ/2π)d3q/(2π)3
coincides with the usual energy density with the correct
dimension, ∂ωW having the dimension c−20 . This identi-
fies (average) energy density and energy current density
in Fourier space as
E(Ω,q) = c
2
0
8π
Tr
∑
k
∂ωW(k,q) · φk(Ω,q) (6)
S(Ω,q) =
c20
8π
Tr
∑
k
∂kW(k,q) · φk(Ω,q) (7)
The absorption rate is identified as
a(q, Ω) = Tr
∑
k
σ · φk(Ω,q) (8)
which we recognize as the Ohmic dissipation Adω ∼ σE2.
Finally ,the emission rate of the source is
e(q, Ω) =
2π
ic20
Tr
∑
k
[
Gs†(ω−,k−)−Gs(ω+,k+)
] · Jω(q, Ω)
(9)
The equations (6) and (7) assume the medium to be ho-
mogeneous and conservative, and allow dispersion in both
ω and k, although the latter has not been treated here ex-
plicitly. For illustration, for isotropic, dispersive and con-
servative media we recover the well-known expression
E(ω) = E(ω) · E(ω)
8π
d
dω
ωǫ(ω)− B(ω) ·B(ω)
8π
ω2
d
dω
1
ωµ(ω)
(10)
for the spectral energy density, where we used ωB =
c0(ǫ · p) · E. As is well known, the spectral energy den-
sity is affected by frequency dispersion, unlike the spec-
tral energy current density S in Eq. (7). Even in the pres-
ence of bi-anisotropy, S coincides with the Poynting vector
E(ω)× H¯(ω)/8π+ c.c.. In homogeneous, conservative and
local dielectric media the Poynting vector is parallel to the
group velocity [16] which excludes the well-known ambi-
guity to add any curl of a vector field to the Poynting
vector to describe the energy current [8]. Only when we
would allow spatial dispersion explicitly in the dielectric
tensor ε(k), the Poynting vector fails to describe the en-
ergy current, and an additional contribution proportional
to (∂kεnm)EnE¯m from the material enters the energy cur-
rent density [17,18].
If we now restrict to stationary and homogeneous noise
fluctuations, we impose J(q, Ω) = JδqδΩ. Upon applying
Eq. (2), we see that a = e, provided that
φk(ω,q, Ω) =
4πωQ(ω)
ic20
[
G†(ω,k)−G(ω,k)] δqδΩ(11)
which is just the equivalent of Eq. (4) in a homogeneous
medium. Hence, the detailed balance of source and ab-
sorption guarantees the radiation energy to be constant
in time.
In the following we will treat a well-known feature,
equipartition of energy, on the same basis as a zero energy
current. In a bi-anisotropic medium, this relation is non-
trivial since φij,k 6= φij,−k.
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2.2.1 Equipartition
For an energy distribution in phase space given by Eq. (11),
Eq. (6) yields the stationary and homogenous spectral en-
ergy density,
E(ω, r, t) = Q(ω)
2i
Tr
∑
k
∂ωW ·
[
Gs†(ω,k)−Gs(ω,k)]
(12)
We will suppose that the dissipation is small, so that
4πiσ/c20 → iǫ and Gs(ω,k) = (W(ω,k) + iǫ)−1. Since
W is hermitian, is has 3 real-valued eigenvalues written
as wg(ω,k). Provided we continue the logarithm analyti-
cally into the complex plane with a branch cut located at
the positive real axis, we find
Tr ∂ωW · (W(ω,k)± iǫ)−1 =
∑
g
∂ω log (wg(ω,k)± iǫ)
Hence
E0(ω) = Q(ω)
2i
∂ω
∑
kg
[log (wg(ω,k)− iǫ)
− log (wg(ω,k) + iǫ)]
The difference between the logarithms is non-zero and
equal to 2πi only for wave vectors such that wg(ω,k) > 0.
If we denote by ωg(k) the solution of wg(ω,k) = 0 and de-
fine all k-vectors satisfying this equation for fixed ω as the
constant-frequency surface Sω,g, we can write the energy
density as
E0(ω) = πQ(ω)∂ω
∑
kg
{wg(ω,k) > 0}
= πQ(ω)
1
(2π)3
∑
g
∫
d2Sω,g
|dωgk/dk| (13)
The first equality illustrates equipartition: the energy E(ω)×
dω/2π per unit volume is just proportional to the total
number of states available per unit volume in the fre-
quency interval dω in phase space, each having the energy
Q/2. The second equality assumes that wg(ω,k) > 0 im-
plies ω > ωg(k) (positive group velocity) and leads to a
well-known text-book expression for the density of states
per unit volume with the group velocity dωgk/dk as the
vector normal to Sω,g(ω). If an eigenvalue wg(ω,k) in-
dependent on k is encountered, typically associated with
a longitudinal excitation, group velocity and constant-
frequency surface are ill-defined , yet the first line of Eq. (13)
shows that this eigenvalue does not contribute to E(ω).
2.2.2 Vanishing of Current
The energy current density can be treated in exactly the
same way,
〈S0(ω)〉 = Q(ω)
2i
∑
kg
∂k [log (wg(ω,k)− iǫ)
− log (wg(ω,k) + iǫ)]
Applying the gradient theorem in vector calculus,
〈S0(ω)〉 = Q(ω)
2i
1
(2π)3
lim
k→∞
k2
∫
d2kˆ kˆ
∑
g[
log
(
1
k2
wg(ω,k)− iǫ
)
− log
(
1
k2
wg(ω,k) + iǫ
)]
(14)
where we divided by k2 for convenience, log k canceling in
the expression; wg(ω,k) are the eigenvalues of the hermi-
tian matrix
Wˆ ≡ 1
k2
W =
1
ω
ε
kˆ
·µ−1ε
kˆ
+
ω
k2c20
E+ 1
kc0
(
ε
kˆ
· χ∗ − χ · ε
kˆ
)
(15)
For large k, we investigate how they are affected by the
last bi-anisotropic term of Wˆ , which is is odd in k, and
without which the kˆ-integral for S0 would trivially vanish.
For a positive eigenvalue the difference of the two loga-
rithms equals 2πi, for a negative eigenvalue the two log-
arithms cancel. The first term has 3 real-valued eigenval-
ues wg(ω,k), 2 that are finite and negative under normal
conditions for µ(excluding meta-materials where µ can be
negative, which would necessarily be accompanied with
dispersion and absorption) with transverse eigenvectors
g
(1,2)
T and one eigenvalue 0 with longitudinal eigenvector
gL = kˆ. As k → ∞, the bi-anisotropic will just give a
vanishing perturbation to the first two non-zero eigenval-
ues and cannot change their sign as kˆ varies. Hence, they
give no contribution to S0. The zero eigenvalue is per-
turbed linearly by the dielectric term ωε/k2c20, and the
bi-anisotropic term comes in only into second order per-
turbation theory,
wgL(ω,k) =
1
k2

 ω
c20
〈kˆ|E(ω)|kˆ〉+ 4
c20
∑
i=1,2
|〈g(i)T |εk · χ∗|kˆ〉|2
w
g
(i)
T
(ω,k)


It vanishes as 1/k2 and, more importantly, is invariant un-
der kˆ→ −kˆ. Therefore, again, the vector-surface integral
in Eq. (14) vanishes. We conclude that under very general
conditions,
〈S0(ω)〉 = 0 (16)
2.3 Momentum Density
The electromagnetic fields E and B as well as the Lorentz
force couple to the matter via the charge density ρ and
the current density J. To obtain a macroscopic picture
one expands both in gradients. If no net local charges and
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currents are present, the induced charge density is writ-
ten as ρ = −∇ · P and the induced current density as
J = ∂tP + c0∇ ×M. The Lorentz force density is given
by dρv/dt = ρE + J × B/c0, with v the local velocity.
After some vector calculus with no further assumptions,
this equation can be transformed into one that transfers
momentum from the electromagnetic field to the particle,
dρv
dt
= fA + fC
− ∇ ·
{
PE−BM− 1
2
(P ·E−B ·M)
}
(17)
The force density fC exerted by the electromagnetic field
on the matter is given by
fC =
1
2
∇(P ·E)+ 1
2
∇(M ·B)+Pm∇Em+Mm∇Bm (18)
and involves spatial derivatives. The force density fA in-
volves a time derivative,
fA =
1
c0
∂t (P×B) (19)
and is usually referred to as the “Abraham force density”.
A second equation can be obtained directly from Maxwell
equations, that describes the transfer of momentum from
matter to radiation,
1
4πc0
∂t (E×B) = −fP − fC
+
1
4π
∇ ·
{
DE+BH− 1
2
(D ·E+B ·H)
}
(20)
where, as usual, D = E+ 4πP and H = B− 4πM. Writ-
ten in this form, Newton’s third law is manifestly obeyed
and the electromagnetic momentum density is identified
as K = (4πc0)
−1E × B. Upon adding Eq. (17) and (20)
we establish conservation of “total” momentum,
∂tK +
dρv
dt
= ∇ ·T (21)
where
T =
1
4π
·
{
EE+BB− 1
2
(E · E+B ·B)
}
(22)
is recognized as the “vacuum” momentum stress tensor,
whose expression is symmetric. Equation (21) agrees with
Ref. [4], and is equal to the microscopic momentum bal-
ance in vacuum which does not feature explicitly any con-
stitutive parameter. It will therefore not be modified by ei-
ther spatial or dynamic dispersion, and also remains valid
if the constitutive equations (1) contain an explicit time-
dependence. This is not true for e.g. the Minkowski mo-
mentum density D×B/4πc0 which is affected by disper-
sion when expressed in the fields E and B [7].
The simplest case to consider is a homogeneous medium
filled with an on average homogeneous random source, for
which the gradient on the righthand side must disappear.
We will consider the more realistic case of a finite medium
in the last section, and show that the momentum leak
through a surrounding surface vanishes. Here we have,
dρv
dt
+
d〈K〉
dt
= 0 (23)
It is convenient to symmetrize when going over to Fourier
space,
K(ω) =
1
8πc0
(
E×B−B×E) . (24)
and to use that 〈E × H〉 = 0. To simplify the analysis
we will assume µ to be a real-valued scalar. If we insert
B = µH+ µχ∗ ·E it follows
〈Ki(ω)〉 = − µ
4πc0
Re
∑
k
Tr (ǫi · χ∗ · φk)
= − µ
4πc0
ReTr (ǫi · χ∗ ·A) (25)
with (ǫi)jk = ǫjki, φk(ω) given by Eq. (11), and whose k-
integral is set equal to the hermitian matrix A(ω). Since
χ is usually very small we can neglect any bi-anisotropic
behavior in A(ω).
For the momentum density to be non-zero we need
that χ∗ ·A be an anti-symmetric matrix. We will discuss
two possibilities. The first concerns an optical material
that exhibits both rotatory power and Faraday rotation,
both well-known sources of circular dichroism (CD). In
that case χ = ig(ω)c/ω with g a real-valued pseudo-scalar,
indicating the amount of rotation per meter caused by mi-
croscopic chirality, and εij = ε(ω)δij+i(c/ω)V (ω)ǫijkB0,k,
with the Faraday effect quantized by Verdet constant which
measures the amount of rotation per meter per Tesla (c =
c0/
√
εµ). It follows that
Ki(ω) =
ωQ(ω)g(ω)µ(ω)
c20
ReTr ǫi ·
∑
k
(δG† − δG)
withG the Green’s function of the homogeneous Helmholtz
equation. Linearizing in the external magnetic field yields,
∑
k
δG(k, ω,B0) = −µ
2ωV
c
×
∑
k
1
ω2/c2 − k2 + kk+ iǫ · (iǫ ·B0) ·
1
ω2/c2 − k2 + kk+ iǫ
=
(
i
µ2V
8π
+ Λ
)
(iǫ ·B0)
Here, Λ is a real-valued positive cut-off associated with the
diverging longitudinal field but cancels upon subtracting
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the hermitian conjugate. Thus the electromagnetic mo-
mentum density is K(ω) dω/2π with
K(ω) =
Q(ω)
2π
µ2(ω)g(ω)V (ω)
c20
B0 (26)
The simultaneous action of two well-known mechanisms
for CD leads to a finite electromagnetic momentum den-
sity accumulated in the material. Any small variation of
the external magnetic field leads to a force −dK/dt per
unit volume exerted on the material, as expressed by Eq. (23).
Optical forces induced by time-dependent electromagnetic
fields appear in Eq. (17). However, an optical ”Abraham
force” proportional to gV dB/dt does not show up in Eq. (17)
and is here generated by the presence of the radiation
noise. If we would apply the above formula for K to the
quantum vacuum (Q = h¯ω), using that at high frequen-
cies V (ω) ∼ 1/ω2 if the Verdet constant V is associ-
ated with the microscopic Zeeman shift of atomic lev-
els, and similarly g(ω) ∼ 1/ω2 if g is associated with a
simultaneous magnetic and electric dipole transition in
a chiral molecule [19], the frequency integral does not
seem to suffer from an ultraviolet catastrophe. A realis-
tic calculation should however involve QED. A quantum-
mechanical treatment of a chiral molecule with Zeeman
effect interacting with the quantum vacuum predicts in-
deed a finite effect with velocities of order 10−9 m/s [20].
A more phenomenological treatment based on magneto-
chiral anisotropy in the Einstein coefficients even yields
velocities of the order of 1µm/s [21]. For classical thermal
noise with bandwidth kT/h (≈ 1013 Hz at room temper-
ature) this effect is entirely negligible: with V B = 100
rad/m, g = 3 · 10−2 degrees per wavelength, ρ = 4 g/cm3,
Eqn. (26) yields at room temperature (Q ≈ 0.03 eV) a
velocity v = 10−25m/s. Values of 200 degrees per wave-
length have been reported for meta-materials in the THz
region [22], even 450 degrees per wavelength around 100
THz [23]. When we would expose them to isotropic radi-
ation, for which Q = Fc20/ω
2 can be much larger (107 eV
for light fluxes of 100 kW/m2 over a bandwidth of 100
kHz in the visible, the predicted radiation momentum is
hardly much larger, essentially due to the much smaller
bandwidth. We conclude that the observation of radiation
momentum induced by classical noise remains a thought
experiment.
The second application is obtained for χ∗ = ǫ · w,
with w some real-valued dimensionless vector, odd in both
time-reversal and parity. From Eq. (3), we see that the
origin of the Green function in phase space shifts from
k = 0 to k = −w. Since this is also true for the object W
in Eqs. (7), the Poynting vector can immediately be seen
to vanish . If we adopt scalar ε and µ, we have
Ki(ω) = −ωµ
2Q
ic30
Tr ǫi ·
∑
k
(G∗ −G)
With
∑
k
G =
∑
k
1
ω2/c2 − k2 + kk = −
i
3π
ω
c
+ Λ
Since Λ again cancels in
∑
k(G−G†), we find
K(ω) = −2Q(ω)
3π
µ2(ω)ω2
cc30
w
This is basically a result first due to Feigel [24], who ap-
plied it to the quantum vacuum with magneto-electric
anisotropy for which w = gMEE0 × B0. In this case the
momentum is directed along the vector E0 ×B0 and the
force proportional to d/dt(E0×B0). This can be seen as a
correction to the Abraham force, obtained from Eq. (19).
3 Bounded Media
In the following we consider a bounded, bi-anisotropic
medium, emerged in an infinite sea of homogeneous fluc-
tuations described by Eq. (2) with homogeneous Q. As a
result, Eq. (11) applies in- and outside the medium. This
situation can be easily seen to be equivalent to a homo-
geneous collection of uncorrelated random sources in the
far field of the medium.
3.1 No net Poynting vector
Despite being intuitively plausible, the average Poynting
vector does not rigorously vanish everywhere in a bounded,
heterogeneous medium in the presence of an isotropic noise
field, that is, if Eq. (11) is satisfied. What is well-know is
that [8]
∇ · S = −J ·E
with S = c0E × H/4π the local Poynting vector. When
applied to the noise,
∇ · 〈S〉 = −σij(r)〈Ei(r)Ej(r)〉 +Re 4πiω
c20
Gij(r, r)Jji(r)
= 0 (27)
if the fluctuation-dissipation theorem (2) is satisfied , and
in which case Eq. (4) applies. The vanishing divergence of
S alone does not make 〈S〉 vanish itself. The Helmholtz
theorem in vector calculus states that under very broad
conditions, S must be equal to the curl of a vector field
V(r). In the language of Ref. [7] this implies that the
“canonical” momentum vanishes. What is assumed in Ref. [7]
on the basis of “localized fields vanishing at infinity”, is
proven here more explicitly,
∫
d3x〈S(x)〉 = 0 (28)
The vanishing of the integrated Poynting vector was pre-
viously demonstrated numerically for a set of N electric
dipoles with Zeeman effect [26], and where PT-symmetry
considerations would allow a net current proportional to
gB to occur, with g a pseudo scalar associated with a
chiral configuration of the N dipoles. Being the curl of a
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vector field, a surface term may still survive in Eq. (28). In
the next section we will show that the angular momentum∫
d3xx× 〈S〉 does not generally vanish.
The Poynting vector, in complex frequency notation,
is given by S = c0[E×H−H×E]/8π. Since ∂pWij(r,p) =
−ǫiln(µ−1 · L)lj + (µ−1 · L)†ilǫljn, with L defined Eq. (3),
and W = ω2E/c20 + L† · µ(r)−1 ·L the hermitian operator
defined in section 2, but here spatially inhomogeneous, it
follows that
Sn(ω, r) = − c
2
0
8πω
Ei(r)
∂Wij
∂pn
Ei(r) + c.c.
We can check that∫
d3x〈S(x)〉 =
∫
d3x〈x|S(ω,p, r)|x〉 =
∑
k
〈k|〈S〉|k〉
= −Q
2i
∑
k
〈k|Tr
(
∂
∂p
W((r,p)
)
· [G(r,p)−G†(r,p)]|k〉
= −Q
2i
TR
(
∂
∂p
W((r,p)
)
· [G(r,p)−G†(r,p)]
where Tr stands for trace over polarization indices, and
TR the full trace in Hilbert space. We have G = (W +
iǫ)−1. The operator ∂W/∂p does not necessarily commute
with W itself. The cyclic property of the full trace allows
to write∫
d3x〈S(x)〉 = −Q
2i
TR
∂
∂p
[log(W + iǫ)− log(W − iǫ)]
Finally we have in general
〈k| ∂
∂p
A(r,p)|k〉 = −1
i
〈k|[A(r,p), r]|k〉 = d
dk
〈k|A(r,p)|k〉
Applying the gradient theorem leads to an expression sim-
ilar to the one found earlier for a homogeneous medium,∫
d3x〈S(x)〉 = −Q
2i
1
(2π)3
× lim
k→∞
k2
∫
d2kˆkˆ〈k| [log(W + iǫ)− log(W − iǫ)] |k〉
The large wave number limit makes us enter into the
regime of geometrical optics, yet here at fixed frequency.
If the wavelength is smaller than the typical spatial vari-
ations in the material parameters, the notion of a locally
homogeneous medium applies, in which case the commu-
tation relation between r and p can be neglected. As a
result,
〈k|A(r,p)|k〉 →
∫
d3xA(x,k)
as k →∞, to find,∫
d3x〈S(x)〉 = −Q
2i
1
(2π)3
×
∫
d3x
lim
k→∞
k2
∫
d2kˆ kˆ [log(W(x,k) + iǫ)− log(W(x,k) − iǫ)] |
The operator W(r,p) is here reduced to a real-valued in-
homogeneous number. For every x, the surface integral
over kˆ vanishes everywhere just as it vanished for a trans-
lationally invariant medium.
The ”no-net current” theorem has no direct conse-
quences for local energy balance and is consistent with
S being a curl. However, it implies immediately that if
B = H everywhere in space, the total radiation momen-
tum
∫
d3x 〈K(x〉) induced by the random sources van-
ishes rigorously, and that the average angular momentum∫
d3xx× 〈K(x〉) does not depend on the chosen origin of
the integral.
3.2 No net momentum leaks
In a finite medium, total momentum is conserved unless
momentum leaks infinity. This is expressed by,
∂t
∫
d3rK(r) +m
dv
dt
= lim
r→∞
r2
∫
d2rˆ rˆ ·T
with the momentum-stress tensor T defined in Eq. (22),
and where we assume that the spherical boundary is lo-
cated in the far field of the medium. The ”ImG ”-theorem (4)
applies also at this boundary. In the far field we can write,
G(r, r, ω) =G0(0, ω)
+
∫
d3x
∫
d3x′G0(r− x) · 〈x|t|x′〉 ·G0(x′ − r)
≈ G0(0)
+
∫
d3x
∫
d3x′G0(r) · e−ikrˆ·x〈x|t|x′〉 · e−ikrˆ·xG0(r)
= G0(0) +G0(r) · tkrˆ,−krˆ ·G0(r)
where we approximated |r − x| ≈ r − rˆ · x valid for r in
the far field and x typically in the medium, and intro-
duced the t-matrix tkk′ . The direct Green’s function of
the Helmholtz equation G0 far from the object is just the
one in free space whose surface integral vanishes trivially.
In the far-field the leading term of the backscattered field
is purely transverse so that the longitudinal components
EE+BB of T defined in Eq.(22) cancel in the momentum
leak rate. The latter can thus can thus be written as
FL
dω
2π
=
2Qω
c20
dω
2π
Im lim
r→∞
exp(2i(ω + iǫ)r/c0)
(4π)2
×
∫
d2rˆ rˆTr (1− rˆrˆ) · tkrˆ,−krˆ(ω)
For any ǫ > 0 this leak-induced force vanishes as r →
∞. For any finite frequency band, the limit ǫ ↓ 0 can
be done and the oscillating factor exp(2iωr/c0) converges
”weakly” to zero as a power law.
In principle the same arguments hold for angular mo-
mentum leaks. The angular momentum density of elec-
tromagnetic radiation at position r is given by r × K.
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Conservation of total angular momentum follows directly
from Eq.(21)
∂t (r×K) + ∂t(r× ρv) = r× (∇ ·T) = ∇ · (r×T)
The last equality uses the symmetry of the tensor T de-
fined in Eq. (22) which is crucial to have conservation of
angular momentum. Upon integrating over space, the to-
tal angular momentum of matter and radiation is
d
dt
Jtot,i = ǫijn lim
r→∞
r3
∫
d2rˆ rˆjTnlrˆl (29)
Any contributions to the stress tensor Tnl proportional to
δnl vanish rigourously in this expression, and thus only
its components EnEl + BnBl are relevant, with one field
being necessarily along rˆ. The free propagator G0(r) is
asymptotically transverse to rˆ, decaying as 1/r, the part
longitudinal to rˆ decays at least as c0/iωr
2. The factor r3
is therefore completely compensated and we find for the
average couple due to the leak of angular momentum,
Ni
dω
2π
∼ Q
c0
dω
2π
lim
r→∞
Re
exp(2i(ω + iǫ)r/c0)
(4π)2i
×
∫
d2rˆ ǫijnrˆjtn,krˆ,l,−krˆ(ω)rˆl
which vanishes again weakly for any finite bandwidth.
3.3 Angular momentum of a Faraday-active sphere
We consider a spherical region with volume V0 that ex-
hibits the Faraday effect, i.e. possesses a dielectric tensor
εij = m
2(ω)δij+i(c0/ω)V (ω)ǫijkB0,k that is homogeneous
inside the sphere, with the Faraday effect quantified by the
Verdet constant that measures the amount of rotation per
meter per Tesla that would undergo a linearly polarized
plane wave in a homogeneous medium. Here, for simplic-
ity, we will assume that (ε − 1)ωr/c0 < 1 and leave the
calculation of angular momentum of a genuine Faraday-
active Mie sphere to future work. We will demonstrate the
existence of a non-zero angular momentum of the radia-
tion, proportional to Q and the magnetic field. Since we
consider only the dielectric tensor, ignore spatial disper-
sion, with µ = 1 and χ = 0, we immediately conclude
from the ”no net current law” that
∫
d3r〈K(r)〉 = 0. Con-
sequently, the average angular momentum 〈J〉 is indepen-
dent on the origin with respect to which we calculate the
angular moment, quite similar to the magnetic moment of
a bounded region of divergenceless currents [8]. Because
total angular momentum is conserved, any slow change
in the magnetic field will make the object start rotating,
quite analoguous to the De Haas-Einstein effect[27].
Following the approach by Ref.[10] we express the total
angular momentum J of the radiation in Fourier compo-
nents, and divide it into three contributions: L (orbital
angular momentum), S (spin) and Jc associated with the
longitudinal electric field and contribution to the ”canon-
ical” angular momentum attributed to the matter,
J =
∫
d3r r×K(r) = L+ S+ Jc (30)
When applied to the random field satisfying (4) we find
for the spectral densities
〈Li(ω)〉 = Q−ic20
ǫijn
∑
k
kn∇jG⊥nn(ω,k,k′)k=k′ + h.c
〈Si(ω)〉 = Q−ic20
ǫijn
∑
k
G⊥jn(ω,k,k) + h.c (31)
with ∇j = ∂/∂kj andG⊥(ω,k,k′) = (1−kˆkˆ)·G(ω,k,k′)·
(1 − kˆ′kˆ′) is a purely transverse Green’s function. The
canonical angular momentum is,
〈Jc,i(ω)〉 = Q
ic20
ǫijn
∑
k
∇jklG‖ln(ω,k,k′)k=k′ + h.c(32)
where G‖ = kˆkˆ ·G(ω,k,k′) · (1− kˆ′kˆ′) is longitudinal on
the left and transverse on the right.
The next step is to express the Green’s function in
terms of the Faraday effect. In terms of the t-matrix of
the sphere this relation is just
G(ω,k,k′) =G0(ω,k)δkk′ +G0(ω,k) · tkk′(ω) ·G0(ω,k′)
Because we neglect multiple Mie scattering in the sphere,
the only term in the t-matrix that contributes to angular
momentum is the Faraday effect inside the sphere
tikjk′ =
iωV V0
c0
ǫijkB0,kS(k− k′) (33)
where the S(q) = V −10
∫
S
d3x exp(iq · x) is the normal-
ized structure function of the sphere. It is straightforward
to insert this expression into the one for the angular mo-
mentum and to perform the integrals over k. Note that
∇j exp[i(k − k′) · r]k=k′ = irj whose integral over the
sphere equals ir0 with r0the center of the sphere. How-
ever, the remainder does not survive the odd k-integrals
in (31) and (32) so that the angular momentum becomes
becomes independent on the chosen origin as announced
earlier, and proportional to the volume V0 of the sphere.
The k-integrals in (31) and (32) converge as d3k/k4 and
we obtain
〈L〉 = 〈S〉 = −V0Q(ω)V (ω)
6πc20
B0 (34)
The canonical angular momentum generates a k-integral
that diverges as d3k/k2 at large k-vectors but this diver-
gency cancels in the difference G(k)−G†(k). We find,
〈Jc〉 = −2V0Q(ω)V (ω)
3πc20
B0 (35)
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As a result,
〈J〉 = −V0Q(ω)V (ω)
πc20
B0 (36)
In this simple model, the total angular momentum of a
Faraday-active region in a sea of isotropic electromagnetic
noise is proportional to the applied magnetic field, the vol-
ume, the power spectrum Q and the bandwidth. For a par-
ticle size of 10 µm, V B0 = 100 rad/m, and a noise energy
rate Q∆ω = 10−7 J/s (corresponding to thermal noise
at room temperature or equivalently to a laser with flux
100 kW/m2 and bandwidth ∆ω = 105 Hz, this is of order
J∆ω = 30h¯, which is again very small for a macroscopic
object.
To see how the angular momentum emerges in real
space it is instructive to look at the momentum density
K(r) of the radiation as a function of the distance from
the center of the sphere. For isotropic radiation scattering
from a magneto-optical sphere, B0 and r are the only two
vectors relevant for K(r), which must be of the form
〈K(r, ω)〉 = Q(ω)V (ω)f(ω, r) r ×B0 (37)
It is easy to see that ∇ · 〈K〉 = 0 and that we can write
〈K〉 = ∇×V(r), introducing the pseudo-vector field
V(r) = Q(ω)V (ω)v(ω, r) r × (r×B0)
provided that d(vr)/dr = −f . In terms of V(r), the total
angular momentum is expressed as
〈J〉 =
∫
d3r r× (∇×V(r))
= 8πQVB lim
r→∞
r5v(ω, r) + 2
∫
d3rV(r)
The first term will be shown to vanish weakly for any finite
frequency interval, the second term is finite and propor-
tional to B0, identifying 2V(r) as the “local” density of
angular momentum. If the “Im G” theorem is satisfied we
have
Kn(r) =
Q(ω)
2ic20
[∂nGkk(r, r
′)− ∂jGnj(r, r′)]r=r′ + h.c.
In the far field of the sphere, the field scattered from r to
r′ is given by δG(r, r′) = G0(r) · tkrˆ,−krˆ′ ·G0(r′) with the
free electromagnetic propagator G0(ω, r) = −[P (y)∆r +
Q(y)rˆrˆ]/4πr in terms of y = ωr/c0. With the t-matrix
given in Eq. (33) we find,
f(ω, r) =
2V0S(2ω/c0)ω
2
(4π)2r3c40
ImQ(y)
[
P ′(y)− Q(y)
y
]
Asymptotically QP ′ ∼ exp(2iy)/y which implies f(r) ∼
sin(2ωr/c0)/r
4 and v(r) ∼ cos(2ωr/c0)/r5. As a result,
the surface term above vanishes in the weak sense.
3.4 Finite energy current?
Equation (37) shows the presence of a momentum current
circulating around the external magnetic field and should
apply for general Mie scattering. It is reminiscent of the
contribution of an external magnetic field to the canon-
ical momentum of a charged particle. Its charge is here
replaced by the Verdet constant which is charge-odd. The
momentum density depends on the radial distance, un-
like a charge in a homogeneous magnetic field. This radial
dependence extends outside the Faraday-active medium
and finally decays as as an oscillating power law. We note
that since B = H, the Poynting vector S = Kc20 also
circulates around the sphere, satisfying both ∇ · S = 0
and the “no net current” theorem (28). The presence of
a stationary energy current seems surprising in view of
the isotropic noise that triggers the effect. Textbooks [8]
say that the energy current density is determined up to a
curl of a vector field. This implies that the genuine energy
current here could be given by c0E×H/4π −∇×V = 0
which would then vanish everywhere. In homogeneous me-
dia, this ambiguity is eliminated since Poynting vector
c0E×H/4π and group velocity dω/dk are parallel when
the material parameters conserve energy [16]. The pres-
ence of an energy current circulating in the near field
of the magneto-optical sphere, decaying with distance as
〈Sφ(r)〉 ∼
∫
dω sin(2ωr)/r3, i.e. at least as 1/r4, has to
be investigated without just relying on conservation laws,
and needs further attention, for instance by using a time-
dependent treatment. The liberty to add the curl of a vec-
tor field does not apply for the angular momentum density
r× (E×B)/4πc0 since it does not occur as a divergence
in the conservation law, but rather as a time-derivative.
4 Conclusions and Outlook
In this work we have considered an electromagnetic radia-
tion field in anisotropic, and when necessary, bi-anisotropic,
conservative materials. The radiation is assumed to be
broad-band and in detailed balance. In this case it is well-
known that the electromagnetic field correlations can be
expressed in terms the Green function of the Helmholtz
equation. We have established that the space-integrated
average Poynting vector vanishes, and only in a homoge-
neous medium this implies that the Poynting vector van-
ishes everywhere. In bi-anisotropic media this result is not
trivial since opposite wave numbers k and −k do not can-
cel. The momentum density, however, does not vanish in
the presence of bi-anisotropic behavior, and one example is
a material that exhibits both optical activity and Faraday
rotation. Finally we have considered the angular momen-
tum of the radiation in a simple model with the Faraday
effect present in a finite sphere. We find a nonzero angular
momentum proportional to the magnetic field which im-
plies that any slow change in the magnetic field will exert
a torque on the matter. It would be interesting to calcu-
late this effect for a genuine magneto-optical Mie sphere.
Unfortunately, these finite momenta are very small in the
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presence of thermal noise. Our main conclusion is that bro-
ken symmetry in matter can lead to radiation forces even
if the background radiation is entirely isotropic. Their ex-
istence is surprising and a contribution to electrodynamics
in general. However, this broken symmetry should be sig-
nificant over very large bandwidths to make these effects
observable.
I would like to thank Geert Rikken for his interest,
and the European Space Agency as well as ANR for their
support in early stages of this work.
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